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A Steiner 2-design is 1-rotational over a group G if it admits G as an auto-
morphism group fixing one point and acting regularly on the remainder. 1-rota-
tional Steiner 2-designs have come into fashion since 1981, when Phelps and
Rosa (Discrete Math. 33 (1981), 5766) studied Steiner triple systems that are
1-rotational over the cyclic group. While all 1-rotational Steiner 2-designs con-
structed in the past have exactly one short block-orbit, in this paper we also
consider 1-rotational Steiner 2-designs not having this property. We call them
singular and we show that they are quite rare. In particular, we enumerate all
the abelian 1-rotational 2-(49, 4, 1) designs.  1999 Academic Press
1. INTRODUCTION
A (v, k, 1)-BIBD (Steiner 2-design of order v and block size k) is a pair
D=(V, B) where V is a v-set whose elements are called points and B is a
set of k-subsets of V (called blocks) such that each unordered pair of points
is contained in exactly one block. An automorphism group of D is a per-
mutation group on V preserving B. Two (v, k, 1)-BIBD’s (V, B) and
(V$, B$) are isomorphic if there exists a bijection between V and V$ turning
B into B$.
The design D is said to be regular (respectively 1-rotational ) over G when
it admits G as an automorphism group acting regularly, i.e., sharply transi-
tively, on its points (respectively fixing one point and acting regularly on
the remainder).
Throughout the paper any group will be denoted in additive notation
even in the nonabelian case. For a given group G, let us denote by G the
group of right translations on G, i.e., G =[ g^ | g # G] where g^=G  G is
defined by g^(x)=x+ g for any x # G.
It is clear that the point-set V of a regular Steiner 2-design (V, B) over
a group G may be identified with G itself while the action of G on V may
be identified with the action of G on G.
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Analogously, the point-set V of a 1-rotational Steiner 2-design (V, B)
over a group G may be identified with G _ [] where  is a symbol not
in G while the action of G on V may be identified with the action on G on
G _ [] under the rule that g^()= \g # G.
So, regular and 1-rotational Steiner 2-designs may be formally defined as
follows.
Definitions 1.1. (1) A regular (v, k, 1)-BIBD over G is a pair (G, B),
where G is a group of order v and B is a set of k-subsets of G satisfying
the following conditions:
(1.i) \[x, y] # ( G2 ) _! B # B such that [x, y]/B;
(1.ii) g^(B) # B \(g, B) # G_B.
(2) A 1-rotational (v, k, 1)-BIBD over G is a pair (G _ [], B)
where G is a group of order v&1,  is a symbol not in G, and B is a set
of k-subsets of G _ [] satisfying the following conditions:
(2.i) \[x, y] # ( G _ []2 ) _! B # B such that [x, y]/B;
(2.ii) g^(B) # B \(g, B) # G_B (under the rule that g^()=
\g # G).
Let D be a regular or 1-rotational Steiner 2-design over G. Then Aut(G),
the group of automorphisms of G, is a group of permutations on the points
(it is understood that +()= for any + # Aut(G)) so that it makes sense
to inquire which automorphisms of G are automorphisms of D too. This
automorphisms will be called multipliers of D and they form a subgroup of
Aut(G).
As immediate consequence of the following proposition, Steiner
2-designs that are regular and 1-rotational at the same time are necessarily
doubly transitive on the points.
Proposition 1.2. If a Steiner 2-design D is 1-rotational over G and
admits a fixed-point-free automorphism :, then D is doubly transitive on the
points.
Proof. For any ordered pair (x, y) of points of D there is an
automorphism of D mapping x into y. This is obvious if x= y= and if
[x, y]/G. Further, if x={ y, we have :(x) # G since : is fixed-point-
free. Then, setting g=&:(x)+ y, we have that g^: is an automorphism of
D mapping x into y.
This means that Aut(D), the full automorphism group of D, is transitive
on the points. Further, it is obvious that the stabilizer of  under Aut(D)
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is transitive on G. The assertion follows recalling that a group A is 2-trans-
itive on a set X if and only if it is transitive on X and the A-stabilizer of
a point x is transitive on X&[x]. K
Steiner 2-designs that are doubly transitive on the points have been com-
pletely classified by Kantor [11]. Their parameters are necessarily of type
(qn, q, 1) or ((qn&1)(q&1), q, 1) or (q3+1, q+1, 1), where q is a prime
power. So 1-rotational Steiner 2-designs whose parameters are not of this
type cannot be regular by Proposition 1.2.
2. HOW TO CONSTRUCT 1-ROTATIONAL STEINER 2-DESIGNS
Of course a 1-rotational Steiner 2-design over G is completely deter-
mined by a set of representatives for its G-block-orbits. But how to realize
such a set of representatives? In this section we try to answer this question
from a theoretical point of view.
A partial spread (briefly PS) of a group G is a set of subgroups of G
intersecting each other only in the zero element of G. In particular, a spread
of G is a PS whose components cover all of G. A PS is trivial when it has
only one component. A k-PS is a partial spread whose components have
all order k while a k*-PS is a partial spread with exactly one short compo-
nent, i.e., of order k&1, and all the other long components of order k.
Definitions 2.1. (1) Let G be a group and let 7 be a partial spread
of G. A (G, 7, k, 1) difference family is a set 8 of k-subsets of G such that
each nonzero element g belonging to none (respectively some) component
of 7 is representable in exactly one way (respectively in no way) as a dif-
ference g=x& y of two elements x and y belonging to some component of 8.
2. A (G, 7, k, 1) difference family is 1-rotational when 7 is a k*-PS.
The second definition given above is justified by the following theorems.
Theorem 2.2. Let 8 be a 1-rotational (G, 7, k, 1) difference family and
let S0 be the short component of 7. Then S=8 _ (7&[S0]) _
[S0 _ []] is a set of representatives for the G-block-orbits of a 1-rota-
tional ( |G|+1, k, 1)-BIBD over G.
Sketch of Proof. Reasoning as in [7, Theorem 2.4] we have that 8 _ 7
is a set of representatives for the G-block-orbits of a regular ( |G|, [k&1,
k], 1)-PBD ( pairwise balanced design) over G whose blocks of size k&1
are the right cosets of S0 in G. So the blocks of size k&1 form a parallel
class, say P. Adding  to all the blocks of P we get a 1-rotational
( |G|+1, k, 1)-BIBD over G whose G block-orbits are represented by S. K
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Theorem 2.3. Let D be a 1-rotational ( |G|+1, k, 1)-BIBD over G.
Assume that each subgroup of G whose order is a proper divisor of k admits
a nontrivial subgroup N which is normal in G. Then D is generated by a
suitable 1-rotational (G, 7, k, 1) difference family.
Sketch of Proof. Let D$ be the regular ( |G|, [k, k&1], 1)-PBD over G
obtainable from D by deleting the point . Reasoning as in [7,
Theorem 2.6] we get
(1) There exists a set 7 of representatives for the short G-block-
orbits (i.e., of size less than |G| ) of D$ which is a partial spread of G.
(2) Any set 8 of representatives for the full G-block-orbits (i.e. of size
|G| ) of D$ is a (G, 7, k, 1) difference family.
Now note that the set of blocks of D through  is a G-block-orbit of
D (if A=[, a, ...] and B=[, b, ...] are blocks of D, then g^(A)=B
where g=&a+b). So the set of blocks of D$ having size k&1 is a
G-block-orbit of D$. Hence the component of 7 representing this orbit has
order k&1, while all the other components have order k. In conclusion, 7
is a k*-PS of G and 8 is a 1-rotational (G, 7, k, 1) difference family. The
assertion follows. K
Corollary 2.4. Any 1-rotational (v, k, 1)-BIBD over an abelian group
is generated by a suitable 1-rotational difference family.
Corollary 2.5. Any 1-rotational Steiner 2-design with block-size a
prime is generated by a suitable 1-rotational difference family.
With the sole exception of [8], all the 1-rotational Steiner 2-designs that
one may found in the literature are generated by a 1-rotational (G, 7, k, 1)
difference family with 7 trivial (e.g., [1, 5, 6, 13]).
In this paper, which is a continuation of [8], we consider 1-rotational
(G, 7, k, 1) difference families with 7 non-trivial. These difference families
and the designs associated with them will be called singular. The degree of
singularity of a 1-rotational (G, 7, k, 1) difference family is the number of
components of 7 of order k.
Note that the Steiner 2-design associated with a 1-rotational (G, 7, k, 1)
difference family 8 has order v#1 or k (mod k(k&1)) according to
whether 8 is singular or not.
The cited work [8] deals with the existence problem of singular
(v, 3, 1)-BIBD’s. The obtained results let us believe reasonable to conjec-
ture that a singular (v, 3, 1)-BIBD exists if and only if v#1 (mod 24) or
v#19 (mod 24) provided that, in the second case there is a prime power
#0 or 1 (mod 3) dividing (v&1)3.
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The existence problem of singular 1-rotational Steiner 2-designs with
block-size k>3 appears to be extremely difficult.
Note that for a (G, 7, k, 1) difference family 8 to exist, it is necessary
that any involution of G lies in some component of 7. In fact, if g is an
involution of G not contained in any component of 7 we would have at
least two representations of g as a difference from 8. This is because if
g=x& y we also have g= y&x.
Also, observe that in a 1-rotational (G, 7, k, 1) difference family we have
|7|=1 or |7|#0 (mod k). In fact, if |7|{1 then 7 possesses a short com-
ponent of order k&1 and a number m>0 of components of order k. It
follows that G has order k(k&1)t for some t. Then, since the list of
differences from 8 gives all of G&S # 7 S exactly once, we have
k(k&1) |8|=k(k&1) t&(k&1)(m+1). From this identity we finally get
|7|=m+1#0 (mod k).
By the above remarks we are essentially interested in k*-PS’s satisfying
the following properties.
(i) 7 is trivial or |7|#0 (mod k).
(ii) Any involution of G lies in some component of 7.
Definition 2.6. A k*-PS of a group G is special, briefly a k*-SPS,
when it satisfies conditions (i) and (ii).
Two partial spreads 7 and 7$ of a group G are equivalent if there exists
an automorphism + of G turning 7 into 7$.
Let 8 be a (G, 7, k, 1) difference family and let 8$ be a (G, 7$, k, 1) dif-
ference family. Then 8 and 8$ are said to be equivalent if there exists an
automorphism + of G turning 7 into 7$ and turning each component of 8
into the translate of a component of 8$.
The BIBD’s generated by two equivalent 1-rotational difference families
are clearly isomorphic. The converse is not generally true, that is there
possibly exist inequivalent 1-rotational difference families whose associated
designs are isomorphic.
It is also clear that if 7 and 7$ are equivalent partial spreads of G, any
(G, 7, k, 1) difference family is equivalent to some (G, 7$, k, 1) difference
family and conversely.
3. SOME NECESSARY CONDITIONS
The necessary conditions that we establish below will convince the
reader that singular 1-rotational Steiner 2-designs are quite rare.
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Theorem 3.1. If k#2 (mod 4) and v#1 (mod k(k&1)), no abelian
1-rotational (v, k, 1)-BIBD exists.
Proof. It suffices to show that no abelian group may possess a k*-SPS.
In fact, since k#2 (mod 4), each long component of 7 has exactly one
involution so that the number of involutions in G is equivalent to &1
(mod k). On the other hand the number of involutions in G is of type
2e&1 because the set of involutions and zero is a 2-subgroup of G. So we
have 2e&1#&1 (mod k) which is absurd unless k=2. K
Theorem 3.2. Let k= pe11 p
e2
2 } } } p
et
t where the pi ’s are pairwise distinct
primes. A necessary condition for the existence of a singular abelian 1-rota-
tional (v, k, 1)-BIBD is that v has the form pn11 p
n2
2 } } } p
nt
t (k&1) h+1 where,
for i=1, ..., t, we have ( pnii &1)( p
ei
i &1)k&1.
Proof. If there exists a singular abelian 1-rotational (v, k, 1)-BIBD,
then by Corollary 2.5 there exists an abelian group G of order v&1 pos-
sessing a k*-SPS. This implies that G has at least one subgroup of order
k&1 and at least k&1 subgroups, say H1 , H2 , ..., Hk&1 , of order k inter-
secting each other only in the zero element of G. For i=1, ..., t let Pi be the
pi -Sylow subgroup of G and let pnii be its order. Of course Pi & H1 ,
Pi & H2 , ..., Pi & Hk&1 are k&1 distinct subgroups of order peii of Pi . Their
union is a set of size (k&1)( peii &1)+1 so that, since Pi has order p
ni
i we
have k&1( pnii &1)( p
ei
i &1). The assertion follows. K
For instance, the smallest v for which there possibly exists a singular
abelian 1-rotational (v, 15, 1)-BIBD is 345314+1=11, 751. In fact 4 is the
smallest integer n such that (3n&1)214 while 3 is the smallest integer n
such that (5n&1)414.
Corollary 3.3. Let k be a prime power. A necessary condition for the
existence of a singular abelian 1-rotational (v, k, 1)-BIBD is that v has the
form k2(k&1) h+1.
4. ABELIAN 1-ROTATIONAL (k3&k 2+1, k, 1)-BIBD’S
By Corollary 3.3, if k is a prime power, then k2(k&1)+1 is the smallest
v#1 (mod k(k&1)) for which there possibly exists an abelian 1-rotational
S(2, k, v). So, the following question naturally arises.
Question. What about (abelian) 1-rotational (k3&k2+1, k, 1)-BIBD’s
with k a prime power?
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We are able to completely answer this question only for k=3, 4. Concern-
ing the case k=3, in [8] we have easily established that a 1-rotational
(19, 3, 1)-BIBD exists and is unique up to isomorphisms. It is generated by
the (Z3 Z6 , [(0, 3) , (10) , (12)], 3, 1) difference family 8=[[00, 14,
15], [00, 11, 13]].
The case k=4 will be treated in the next section where we will establish
that there are exactly four abelian 1-rotational S(2, 4, 49). For the case
k=5 we give just an example by way of illustration. Take the group
G=Z2 Z2 Z5 Z5 . One may verifies that all the 5*-SPS’s of G are
equivalent to the following:
7=[(1000, 0100) , (0011) , (0012) , (0013) , (0014)].
Thus, to find a 1-rotational (101, 5, 1)-BIBD over G is equivalent to find
a (G, 7, 5, 1) difference family. An example of such a family is
8=[B1 , B2 , B3 , B4] where
B1 =[0000, 0010, 1014, 0104, 1133],
B2=[0000, 0004, 1024, 0120, 1142],
B3=[0000, 0020, 1023, 0103, 1111],
B4=[0000, 0003, 1043, 0140, 1134].
The design arising from the above 1-rotational difference family is new.
In fact, according to the tables of small BIBD’s by Mathon and Rosa [12],
the only known (101, 5, 1)-BIBD is cyclic, i.e., regular over Z101 . On the
other hand by Proposition 1.2 and by Kantor’s classification of 2-transitive
Steiner 2-designs, no (101, 5, 1)-BIBD may be cyclic and 1-rotational at the
same time.
We feel that there are a lot of other inequivalent (G, 7, 5, 1) difference
families.
5. EXISTENCE OF ABELIAN 1-ROTATIONAL (49, 4, 1)-BIBD’S
The problem of finding, up to isomorphisms, all the regular (49, 4, 1)-
BIBD’s has been completely solved. There are exactly 236 such designs; 224
are cyclic (Colbourn [9]) while the remaining are elementary abelian
(Gropp [10]). According to Mathon and Rosa’s tables of small BIBD’s
[12], no other (49, 4, 1)-BIBD is known.
In this section we prove that, up to isomorphisms, there are exactly 4
abelian 1-rotational (49, 4, 1)-BIBD’s. In view of Proposition 1.2 our
BIBD’s cannot be regular.
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In conclusion, the number of non isomorphic (49, 4, 1)-BIBD’s is at least
240.
Theorem 5.1. Up to isomorphisms there exist exactly four abelian
1-rotational (49, 4, 1)-BIBD’s.
Proof. By Corollary 2.4, the search of an abelian 1-rotational (49, 4, 1)-
BIBD is equivalent to that of an abelian 1-rotational (G, 7, 4, 1)-DF over
an abelian group G of order 48 and relative to a 4*-SPS 7 of G. Up to
isomorphism we have G=Z3 H, where H is an abelian group of order
16. Of course, the short component S0 of 7 is Z3 [0]. Also, 7&S0 is a
partial spread of [0]H so that S # 7&S0 S has cardinality less than 16.
So, considering that |7|#0 (mod 4), we have |7|=4, say 7=[S0 , S1 , S2 , S3].
Of course H=S i Sj for 1i< j3. For this reason the S i ’s are
pairwise isomorphic.
On the other hand, the S i ’s cannot be isomorphic to (Z2)2, otherwise G
would have exactly 15 involutions, so there would be involutions lying out
of any component of 7, which contradicts the speciality of 7.
In conclusion, we have G=Z3 Z4 Z4 .
G has exactly six cyclic subgroups of order 4. They are the following:
A=(010); B=(001); C=(011); D=(012); E=(013); F=(021) .
The 4*-SPS’s of G are the following
[S0 , A, B, C], [S0 , A, B, D], [S0 , A, C, F], [S0 , B, C, E],
[S0 , D, E, F], [S0 , B, D, E], [S0 , A, E, F], [S0 , C, D, F].
It is easy to see that the above partial spreads of GH are pairwise equiv-
alent. So, up to isomorphisms, the abelian 1-rotational (49, 4, 1)-BIBD’s
are those generated by a 1-rotational (G, 7, 4, 1) difference family where
G=Z3 Z4 Z4 and 7=[S0 , A, B, C], i.e., 7=[(100), (010) , (001) ,
(011)].
With the aid of a computer we have verified that, up to equivalence, there
are exactly four difference families of this type. They are the following:
81 =[[000, 012, 102, 231], [000, 013, 120, 221], [000, 023, 122, 232]]
82=[[000, 012, 102, 231], [000, 013, 120, 221], [000, 023, 131, 201]]
83=[[000, 012, 103, 232], [000, 013, 122, 223], [000, 023, 102, 212]]
84=[[000, 012, 103, 232], [000, 013, 130, 231], [000, 023, 111, 221]].
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We point out that both the families 81 and 84 admit a multiplier of
order 3, namely the automorphism + of order 3 defined by +(x, y, z)=
(x, 3y+z, 3y). In fact we have 81=[B, +(B), +2(B)] where B=[000, 012,
102, 231] while 84=[C, +(C), +2(C)] where C=[000, 012,103, 232].
Instead 82 and 83 have no multiplier.
Now, to complete the proof we have to show that the above families
produce pairwise non-isomorphic designs.
For i=1, ..., 4 let Di=(G _ [], Bi) be the design associated with the
family 8i and let Bi0 be the set of blocks of Bi passing through 0. Note that
each Bi0 possesses the block A=[000, 100, 200, ]. For any other block
B # Bi0 consider the graph 1(B) defined as follows:
The vertices of 1(B) are the 9 blocks of Bi joining a point of A&[0]
with a point of B&[0]. Two vertices are adjacent if and only if the corre-
sponding blocks have a common point out of A _ B.
It is clear that the number t(Di) of B ’s # Bi0 for which 1(B) is totally
disconnected is an invariant of Di . By computer we have checked that
t(D1)=3; t(D2)=8; t(D3)=7; t(D4)=9. This suffices to finally claim that
the Di ’s are pairwise non-isomorphic. K
6. RECURSIVE CONSTRUCTIONS
To construct directly singular 1-rotational difference families seems to be
a very difficult task. However, in this section we show that starting from a
singular 1-rotational difference family it is possible to obtain an infinite
class of such families by means of suitable recursive constructions. These
constructions make use of the concept of difference matrix.
Given a group H and a positive integer k, an (H, k, 1) difference matrix
M is a k_|H| matrix with entries from H such that the difference of any
two distinct rows of M contains each element of H exactly once. Here, we
need the following elementary results on difference matrices (see, e.g., [4]).
Theorems 6.1. (1) For any prime power q there exists a (EA(q), q, 1)
difference matrix, where EA(q) denotes the elementary abelian group of
order q.
(2) For any group G there exists a (G, p, 1) difference matrix where
p is the smallest prime dividing the order of G.
(3) Let G1 , ..., Gn be groups and suppose there exist (Gi , k, 1)
difference matrices for i=1, ..., n. Then there exists a (G1  } } } Gn , k, 1)
difference matrix.
240 BURATTI AND ZUANNI
The following lemma is the main tool for realizing our recursive con-
structions.
Lemma 6.2. Assume that the following conditions hold.
(i) There exists a (G, [S0 , S1 , ..., Sm], k, 1) difference family.
(ii) There exists a (H, k, 1) difference matrix.
(iii) There exists a (Si H, 7i , k, 1) difference family for i=0, 1, ..., m.
(iv) For i=1, ..., m, each 7i possesses [0]H as a component. Say
7$i=7i&[[0]H].
Then there exists a (GH, 7, k, 1) difference family where 7=70 _
7$1 _ } } } _ 7$m .
Proof. Let 8 be a (G, [S0 , S1 , ..., Sm], k, 1) difference family and let
M=(mih) i=1, ...k; h # H be a (H, k, 1) difference matrix. For any F=[ f1 ,
f2 , ..., fk] # 8 and any h # H consider the set Fh=[( f1 , m1h), ( f2 , m2h), ...,
( fk , mkh)]/GH. It is easy to verify that the list of differences from the
family 8*=[Fh | F # 8, h # H] gives G&(S0 H _ S1 H _ } } } _
Sm H) exactly once. Now, for i=0, 1, ..., m, let 1i be a (S i H, 7 i , k, 1)
difference family. It is clear that 8* _ 10 _ 11 _ } } } _ 1m is the required
(GH, 7, k, 1) difference family. K
Theorem 6.3. Let H be the additive group of a ring R admitting a unit
= of order k such that =i&1 is a unit for i=1, ..., k&1. Then there exists a
(Zk H, [Zk [0], [0]H], k, 1) difference family.
Proof. Consider the equivalence relation t defined in R&[0] by
rtr$  r$==ir for some i. Let X be a complete system of representatives
for the t equivalence classes. Then
[[(0, x), (1, =x), (2, =2x), ..., (k&1, =k&1x)] | x # X]
is the required (Zk H, [Zk [0], [0]H], k, 1) difference family. K
From the above theorem, which is implicit in [3, Theorem 2.1], we
immediately get the following application.
Corollary 6.4. Let q1 , ..., qn be prime powers #1 (mod k) and let H
be the additive group of the Galois ring GR(q1 } } } qn), i.e., H=EA(q1)
} } } EA(qn). Then there exists a (Zk H, [Zk [0], [0]H], k, 1)
difference family.
Now we have all the ingredients for given a first concrete recursive
construction.
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Theorem 6.5. There exists a 1-rotational (v, 4, 1)-BIBD for any integer
v of the form 48q1q2 } } } qn+1 where all the qi ’s are prime powers #1
(mod 4).
Proof. Let G=Z3 Z4 Z4 and let H=EA(q1) } } } EA(qn).
(i) There exists a (G, [S0 , S1 , S2 , S3], 4, 1) difference family (see
Section 5) where S0 is isomorphic to Z3 and S1 , S2 , S3 are isomorphic
to Z4 .
(ii) By Theorems 6.1.1 and 6.1.3 there exists a (H, 4, 1) difference
matrix.
(iii) There exists a (S0 H, S0 [0], 4, 1) difference family in view
of [6, Corollary 5].
(iv) Since each qj is equivalent to 1 (mod 4), by Corollary 6.4 there
exists a (Si H, [S i [0], [0]H], 4, 1) difference family.
Then, by Lemma 6.2 there exists a (GH, 7, 4, 1) difference family
where 7=[Si [0] | i=0, 1, 2, 3]. The assertion follows. K
Theorem 6.6 Let q be a prime power and let K be a group of order
q&1. If there exists a 1-rotational (q3&q2+1, q, 1)-BIBD over K
EA(q2), then there exists a 1-rotational (q2e+1&q2e+1, q, 1)-BIBD over
KEA(q2e) for any positive integer e.
Proof. We prove the theorem by induction on e. Assume there exists a
1-rotational (q2e+1&q2e+1, q, 1)-BIBD over KEA(q2e). Then there
exists a 1-rotational (KEA(q2e), 7, q, 1) difference family. Of course the
short component S0 of 7 is K[0] and all the other components, say
S1 , S2 , ..., Sm , are isomorphic to EA(q). Now let G=KEA(q2e) and let
H=EA(q2). By Theorem 6.1.1 there exists a (H, q, 1) difference matrix. As
S0 is isomorphic to K, there exists a 1-rotational (S0 H, 70 , k, 1) dif-
ference family by hypothesis. Also, considering that S i H is isomorphic
to EA(q3) for i=1, ..., m, it is clear that Si H admits a spread 7i consist-
ing in the subgroup [0]H plus q2 components of order q. Observing
that a spread 7 of a group G determines an empty (G, 7, k, 1) difference
family, we can say that there exists a (Si H, 7i , q, 1) difference family for
i=1, ..., m. Then, applying Lemma 6.2 we get the existence of a 1-rotational
difference family over GH, i.e., over KEA(q2e+2). The assertion
follows. K
The following theorem gives a second concrete recursive construction.
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Theorem 6.7. There exists a 1-rotational (v, 5, 1)-BIBD for any integer
v of the form 52e4p1 p2 } } } pn+1 where e0, n0 and all the pi ’s are
primes #1 (mod 30) such that (11+5 - 5)2 is not a cube (mod pi).
Proof. 1st Step. The theorem is true for e=0 and n=1.
This is because the first author has proved [5, Theorem 3.6] the exist-
ence of a 1-rotational (Z2 Z2 Zp , Z2 Z2 [0], 5, 1) difference family
for any prime p#1 (mod 30) such that (11+5 - 5)2 is not a cube
(mod p).
2nd Step. The theorem is true for e=0 and n>1.
By induction we assume there exists a 1-rotational (G, S0 , 5, 1) difference
family where G=Z2 Z2 Zp1  } } } Zpn&1 and S0=Z2 Z2 
[(0, ..., 0)]. Let H=Zpn and observe that there exists an (H, 5, 1) difference
matrix by Theorem 6.1.2 and a 1-rotational (S0 H, S0 , 5, 1) difference
family in view of the first step. Then, by Lemma 6.2, there exists a 1-rota-
tional (GH, S0 , 5, 1) difference family.
3rd Step. The theorem is true for e>0 and n=0.
Applying Theorem 6.6 in conjunction with the existence of a 1-rotational
(Z2 Z2 Z5 Z5 , 7, 5, 1) difference family (see Section 4), we get the
existence of a 1-rotational (Z2 Z2  (Z5)2e, 7$, 5, 1) difference family.
4th Step. The theorem is true for e>0 and n>0.
Let G=Z2 Z2  (Z5)2e and let H=Zp1  } } } Zpn . In view of the 3rd
step there exists a 1-rotational (G, [S0 , S1 , ..., Sm], 5, 1) difference family
where S0 is isomorphic to Z2 Z2 and S1 , S2 , ..., Sm are isomorphic to Z5 .
By Theorem 6.1.2 there exists an (H, 5, 1) difference matrix. In view of the
2nd step there exists a 1-rotational (S0 H, S0 , 5, 1) difference family.
Finally, by Corollary 6.4 there exists a 1-rotational (Si H, [Si [0],
[0]H], 5, 1) difference family for i=1, ..., m. Then, by Lemma 6.2 there
exists a (GH, 7, 5, 1), where 7=[Si [0] | i=0, 1, ..., m]. The asser-
tion follows. K
We do not hesitate to conjecture that a 1-rotational (Z2 Z2 
Zp , Z2 Z2 [0], 5, 1) difference family exists for any prime p#1
(mod 10) (see [2, 5]). If the conjecture is true we may considerably weaken
the hypothesis of Theorem 6.7 simply asking that the pi ’s are primes #1
(mod 10).
Questions. (1) Given k determine which groups admit a k*-SPS.
(2) Does the existence of a k*-SPS in a group G guarantee the
existence of a 1-rotational ( |G|+1, k, 1)-BIBD over G?
(3) Find abelian 1-rotational (k3&k2+1, k, 1)-BIBD’s with k a prime
power >5.
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(4) Find some examples of 1-rotational (v, k, 1)-BIBD’s that are not
generated by a 1-rotational difference family.
Note added in proof. While this paper was in preparation the authors have found an
example answering Question (4); in a future paper it will be shown that one of the
S(2, 4, 25)’s of the paper by E. S. Kramer, S. S. Magliveras, and R. Mathon, The Steiner
systems S(2, 4, 25) with nontrivial automorphism group, Discrete Math. 77 (1989), 137157,
is 1-rotational although it cannot be generated by a 1-rotational difference family.
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